
Math 564: Advance Analysis 1
Lecture 7

Bonel measures . For a topological space X, a Boo measure is just a measure

defined on the Borel T-algebra B(X) of X .

Regularity · Let X be a metric space and let be a finite Borel measure on X
.

Then M is regular, i. e , for each measurable A =X

~Al is i : is e
In particular , (i) M is strongly regular , i . e . for each Mmeasurable set AcX

,

0 = infGM(ULA) : A = Kopen)
This means the symmetric

= inf(MA)C) : A C closed ] · difference is M call
.S

(ii) A set AsX is -measurable <=) A ="a Gr set =A
<=> A =Man Ex-set = A .

Proof
.
Part(i) follows immediately from regularity de to the finite of measure

.

Part (ii) follows from part (i) : for a M-meas
. A

,
let Un ? A open s .t

. M/UnLA)=t then
n+17

D== MUn is Gr containing A and M(DXA) = MIUn(A) = Un
,
so MOLA) = 0 .

nE/N

The Fr statement is proven analogously .

(8) Let 3 be the collection of all measurable sets satisfying (t)
.

Claim (a)
.
3 contains all open sets

.

If . Open sets trivially satisfy ( . Outer) and in a metric
space ,

each open set I is Fr,
W

i . e
. R = VCn

. Replacing (n with isnli
,
we

may assure WLOG that the
WAIN

Ce are increasing . Then M(U) = bu M((n) . -

M



Claim (b) . 3 is closed under complements .
PF

. Let At 3 and 230
. Take U2 A be open and Mn) M(Al and let C=A be

closed and M(C) is MCA) . Then U= A is closed and M(n) = M(X) -M(U) = >
M(X) - MA) =MAY by the finiteness of

,

and likewise
,

= A is open
and M(C =M(AY .

X

Claim (c)
.

3 is closed under finite unious
.

PA
. This follows from the fact that finite unious of open/closed sets are open/dord. -

Claim (d) . 3 is closed under otbl unious
.

PF
,

Let Ane3 aiming he show that UAnE5 . By Claim K)
,
we can replace An

WEI
with EnAn and assume WLOh that the An are increasing .

Fix 338 and take

(n = An E Un where In is closed
,
Un is open ,

and M(n) = a (A) = M(Un) .
Synt

Then M(WUn YAn)- ZM(Un(An)- E .
For dosed sets

,
note It /An) =

W
u

=limMlAn) and let N be large enough so that MAN) s
,
(An) . Then

MCN) =
xin

CAN) ( And .

x

Thus
,
5 contains all Boxel sets

.
For a M-measurable set A

,
write A = B

.
UZ
.

and A = B
,
/E
,, where Bo

,
B , are Boxel and Zo

,
z
,
are Mall . Then for each 330

,

there is a chesed (=B: A and open U = B , = A 1 .
t
. M(C) = M(B0) = (A) = M(B !)

=
> M(U) . Here , 3 : Measm .

Cor
.
Let be a -finite Bonel measure on a metric space X

.

If X= W Un
where the Un are open sels of finite measure ,

then M is strongly regular .
**

Proof
.

(8 . Puter) : Let A : X be Memeas
.
Then for each nEI , I Un ? Ma open

in Un
,
and

have in X since Dr itself is open , sach that VrC_ ArUn and and M(VnXAMUn))-3
,
at!/

But then MIUVnAl = M(WVUCAMKl) = 2 M(VaL(Annnl) = I 2/24+1= 3
.

n

18
. innet : Let AX be -meas

. By 1 . Outer applied "No A ,
I open UI A sit

.

M(ULAY = 3
.

But RLA= USA: ALU; so MALUY=2 and Vis closed .
Vo

v, V2

A
X

wow a, -dur ...-



Caution
.

One cannot remove the condition of X being a thl union of open sets
of finite measure . Here is a counterexample . Take X be the one-point compas-

N

S'ex tification of IR
,
i
. e . X== 1RV90)

,
where He topology is

j(x)
IR

generated by the usual open subsets of IR together with
sets of the form (-2

,
a) v(b

,
+ d) U}4] . Note Rat X is

howeomorphic to S' via "Wrapping R around S'mirus its morth pole N
and mapping & to N (more precisely ,

via the stereographic projection
p
: S'- X mapping Nto &) . Thus , X is metrizable

,
i
.
e . achmits a metric (copied

from S' via pl generating the topology .
Let ↓ be the Bovel measure on X

that coincides with the Lebesque measure or IR and X (d) : = 0 . Then dis

--finite but every open
set U containing & has infinite measure bease

it contains a set of the form (-0
, a) v(b, + 1) . Thus , x (303) = 078 =

-inf(x (2) : R=943 open) .

Tightmen . Let M be a finite Bovel measure on a Polish space (X
,
d)
,

where & is a complete . Then is fight : for each mens . Set A ,

M(A)= sup >MIK) : As Kompact .

Proof
. Firstly ,

we many assume A is closed by the regularity of M.

Since A is closed
,
the metic space (A

,
d) is still Polish

,
so

we may restrict to A ad assume that A : X
.

Thus we need

do show At 7330 I compact k=X c . t
.
M(XLK) = E

.

Recall : A set in a complete metric space is compact
if it is closed

and totally bod .

For each n (i . e., let (Builizin be a sequence of closed
balls of size= with X=UByi . Such a requence
existe by separability of X . icIN



Noting But X = Buil, there is a large enough kn sit .

M) X Eni)>3/24 .

The at Ca:=Y" is closed

and admit a finite -net (a cover with sets of diaceher)
.

Then R = = MCn is closed and totally bold and

M(X)k) - "N(k(i) = 2 M(( Y ) = /24 = 2
.

M

99% leamas
. Let (X , B , M) be a finite measure space and suppose WA

He r-algebra B is generated by an algebra A .

Then we already know But every M-meas
.

Let M is approxi-
nated by sets from A

,

in particular , IAEA sit
.

M(AAM) <0,5% of MIM) and M(A) =
,
(M)

,
where 3 <0

.

5% M(M)
,

10 M(AAM) <1 % MAL .
In particular

,
99% of our nice set

A is M .
These

,
instead of working with M we work with A .

99 % for Lebesque and Bernoulli
. you-wall+ A

,
Cal For SIRY , X) ,

few any
X-measurable se there is a box B chose

99% is A
,
i
.
e . SBMA) <0 . 99 .

x(B) non-mull

(b) For (2 , up)
,
for

any up-measurable set A
,

there is a uglinder (
Mose 99% is A

,
i
.
e
. /CMA)

<- 0
, 99 .

M(C)
Proof

. We prove sal
,
and (b) is similar

,

We may assure WLOSe that A is bounded by restricting
to a large enough in which A has positive measure

.

We uCready know It I a finite disjoint unior LB :i <n
of boxes s .t . M(AaBi) = 1% M(4!Bil .

-



In particular , M14!B : Al
>0 . 99 . By percentage pigeon-
~

M(Bil
hole principle , at bast one B: should be =99 % A beace

otherwise the percentage of A is HB : would be 99%.
i h

BTW : Instead of approximating by a finite union of boxes
,
we

could have recalled that (A) = M*/A) : inf9VBn : ne/N]
so 7 ctul disjoint union BuC_A al sit.

~ GIN

A is 99 % of LIB .. new
the percentage-pigeonhole

AEIN

still works due to tell additivity ·

Application to ergodic theory .

Let E be an equivalence relation on a meas .

space (X
,
M) . We say It E is ergodic ifY

... IIIIII ... ech E-invariant (i . e . union of E-classes) N-meas .
set is either mull or coll .

An action is of a cdblyopi is called &-

ergodic if its orbit ey . rel . Ep is Mergodic .

This is measure -

theoretic transitivity , recalling At an action is transitive (i. e .
has only one orbits if and only if every invariant set is
either & or the whole space .

I'll show next hime using the 99 % Lana ht Ex or IR is

Deigodic al you'll shew in HW Ht 10 is M-ergodic .


